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A popular model for the ﬁnite element simulation of slightly compressible solid rubber-like materials
assumes that the strain-energy function can be additively decomposed into a volumetric part and a devi-
atoric part. Based on mathematical convenience, the volumetric part is usually assumed to be a ﬁnite
polynomial in the volume change. Experimental evidence suggests that for solid rubbers in compression,
this polynomial can be taken to be a simple quadratic for moderate deformations and that this function
also adequately models the volume change and the stress/stretch relation for materials in simple tension,
up to stretches of order 100%. For larger tensile deformations, however, experimental data suggest that
the Cauchy stress-volume change relation has an increasingly large slope and therefore a truncated Tay-
lor series expansion is not the most appropriate. A rational function approach is proposed here as an
alternative.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
When solid rubber-like materials are assumed to be incompress-
ible so that only isochoric (i.e., volume preserving) deformations
are allowed, then the theory of non-linear elasticity is known to
be extremely effective in providing analytical predictions for the
mechanical response when both the original geometry and bound-
ary conditions are simple. See, e.g., Rivlin (1997), Ogden (1984) and
Holzapfel (2000). To analyze more complex problems, use of ﬁnite
element simulations is usually necessary. However, in most com-
mercial ﬁnite element codes, incompressibility is not assumed ab
initio in order to prevent element locking. Thus in ﬁnite element
model (FEM) analyses, slight compressibility is usually assumed
and the solution for fully incompressible materials is obtained in
a limit process if necessary. Indeed, because all solid rubbers are
to some extent compressible, models for slight compressibility
have been investigated independently of any FEM considerations.
See, e.g., Ogden (1976, 1982) and Horgan and Murphy (2007a,b,
2009a,b,c) and references cited therein. Implicit in each of these
approaches to almost incompressible (or slightly compressible)
materials is the expectation that the fully incompressible case
may be obtained by a suitable limit.
Many different constitutive models have been proposed to
reﬂect deviations from incompressibility on assuming that the
material is homogeneous, isotropic and hyperelastic. Most of thesell rights reserved.
: +1 434 982 4555.
.are of the general form of the strain-energy functionW, introduced
by Ogden (1972),
W ¼ wðk1; k2; k3Þ þ Gði3Þ; ð1Þ
where w is a symmetric function of the principal stretches and here
and henceforth we use the notation i3 = k1 k2 k3. Many Finite Ele-
ment codes are based on such models, a typical form of which is
now given: let I1, I2 denote the two of the invariants of the Cau-
chy-Green strain tensors deﬁned in terms of the principal stretches
ki, i = 1, 2, 3, as follows:
I1 ¼ k21 þ k22 þ k23; I2 ¼ k21k22 þ k21k23 þ k22k23; I3  i23 ¼ k21k22k23: ð2Þ
Then the usual strain-energy function that is used in FEM simula-
tions to model almost incompressible behavior has the form
W ¼ wðI1; I2Þ þ Gði3Þ; I1 ¼ I1=i2=33 ; I2 ¼ I2=i4=33 ; ð3Þ
wherew, G are some speciﬁed polynomial functions of the indicated
arguments. The modiﬁed invariants deﬁned in (3) ensure that the
strain-energy density is decomposed into an isochoric (or deviator-
ic) part and a purely volumetric term. Further details can be found,
for example, in Crisﬁeld (1991), Simo and Taylor (1991), Boast and
Coveney (1999), Holzapfel (2000) and Belytschko et al. (2000). To
ensure zero strain-energy in the reference conﬁguration it will be
assumed that
wð3;3Þ ¼ Gð1Þ ¼ 0: ð4Þ
The principal components of the Cauchy stress for compressible
materials are given by
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while the nominal (or Piola-Kirchhoff) principal stresses pi are given
by
pi ¼
@W
@ki
: ð6Þ
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show that each of the derivatives on the left is zero in the reference
conﬁguration and so to ensure zero stress in this conﬁguration it is
only necessary to require that
G0ð1Þ ¼ 0; ð8Þ
where the prime notation denotes differentiation with respect to
the appropriate variable. In order to ensure compatibility with clas-
sical linear elasticity, it will be required that
2l ¼ 3 @
2w
@k1@k2

k1¼k2¼k3¼1
;j ¼ G00ð1Þ; ð9Þ
where l, j denote the shear and bulk modulus respectively. Moti-
vated by these restrictions, it will now be assumed that w and all
its partial derivatives are of order l and that G and all its derivatives
are of order j. Finally, to model slightly compressible (or nearly
incompressible) materials, it is assumed that
g  l=j 1: ð10Þ
The motivation in the literature for assumingmodels of the type
just described seems to be largely that of mathematical simplicity.
The strain-energy density function is additively decomposed into
two parts, the ﬁrst part of which is volume-preserving, since the
strain tensors corresponding to the invariants I1; I2 are volume pre-
serving, and the second part of which is a function of i3, which
measures volume change.
In many commercial Finite Element codes little guidance is
given as to the choice of constants in the truncated Taylor series
for w, G although usually there is an automated generation of some
of these constants using experimental data from simple and biaxial
tension tests. However, this data will yield no information about
the form of the volumetric term G, which is the primary focus of
this paper. Indeed, the choice of G has already received consider-
able attention in the literature, as will be seen in the next section.
The motivation for many of these choices is often mathematical.
Here the primary motivation will be experimental data which sug-
gest that for solid rubbers in compression, a simple quadratic form
for the volumetric term is appropriate for moderate deformations
and that this function also adequately models the volume change
and the stress/stretch relation for materials in simple tension, up
to stretches of order 100%. For larger tensile deformations, how-
ever, experimental data suggest that the Cauchy stress-volume
change relation has an increasingly large slope and therefore a
truncated Taylor series expansion is not the most appropriate. A
rational function approach is proposed here as an alternative.
While the main focus of this paper is on the volumetric term G,
some guidelines for the form of w will also be given. It was shown
in Horgan and Murphy (2007a) (see also Horgan and Murphy,
2009a) that, when the volume changes are inﬁnitesimal, then in
the material characterization test of simple tension, w can be iden-
tiﬁed with the strain-energy function obtained by modeling thestress–stretch data assuming perfectly incompressible behavior.
The same result can be shown to hold for biaxial tension and pure
shear. For a number of important data sets, it will be shown that a
simple truncated Taylor series in I1, I2 is a perfectly adequate
model.2. Previous forms of the volumetric function
There have been numerous proposals made in the literature for
an appropriate form of the volumetric term G in (3). We shall not
attempt here to document the myriad of representations for this
term that have been considered. A tabulation of some of the most
common ones are given in Doll and Schweizerhof (2000), Bischoff
et al. (2001) and Hartmann and Neff (2003) for example, where ref-
erences to the literature sources for the various forms are given.
The most commonly used expression for the volumetric term G
in (3) is the quadratic
Gði3Þ ¼ j=2ði3  1Þ2; ð11Þ
which can be readily seen to satisfy the requirements (4), (8) and
(9). As we shall describe in detail in Sections 3 and 4, this form
for G can be shown to agree with experimental data in compression
for moderate deformations. This form for G predicts a linear relation
between pressure and volume change in compression tests. Fur-
thermore, in simple tension, it will be shown in Section 6 that it pre-
dicts a linear relation between volume change and stretch and a
linear stress/stretch relation which agrees with experimental evi-
dence for stretches of order 100%. However, as we shall show in Sec-
tion 7, the form (11) is no longer appropriate for larger stretches
and we propose a rational function of i3 as a viable alternative.
It should be pointed out that in addition to the basic require-
ments (4), (8) and (9), several other conditions are usually imposed
on the volumetric functions G in (3). See, for example, Doll and
Schweizerhof (2000), Bischoff et al. (2001) and Hartmann and Neff
(2003). Two conditions often imposed are to require that G should
tend to inﬁnity as i3?1 or as i3? 0. These require that inﬁnite
energy is needed to expand the body to inﬁnite volume or to com-
press it to a point with vanishing volume. The ﬁrst condition is sat-
isﬁed by (11) but the second is obviously not. However, when one
is using (11) to model slightly compressible solid rubber as is our
concern here, these requirements are clearly physically unrealistic.
Thus, we shall not impose further restrictions on G at this stage of
our development.3. An alternative approach
Another motivation for the form (3) was recently given by the
authors (Horgan and Murphy, 2009a). The condition
X3
i¼1
ti ¼ Fði3Þ; ð12Þ
where F is an arbitrary function of its argument with F(1) = 0, was
shown to be equivalent to (3) on assuming that Gði3Þ ¼ 13
R
Fði3Þ
di3. Eq. (12) is simply the mathematical representation of the intui-
tive idea that the hydrostatic stress should only depend on the
invariant that measures volume change for isotropic materials. This
relation has important implications for many of the material charac-
terization tests used in non-linear elasticity where the principal
stresses are speciﬁed. For example, in pure dilatation (or hydrostatic
compression), all the principal stresses are the same, as are all the
principal stretches. It therefore follows immediately from (12) that
t1 ¼ 13 Fði3Þ ¼ G
0ði3Þ: ð13Þ
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tion of i3, it follows that
Gði3Þ ¼
Z i3
t1ðsÞds: ð14Þ
For simple tension, two of the principal stresses are identically zero
and then (12) reduces to
t1 ¼ Fði3Þ ð15Þ
with
Gði3Þ ¼ 1=3
Z i3
t1ðsÞds: ð16Þ
For biaxial tension, two of the principal stresses are equal with the
third identically zero and so
2t1 ¼ Fði3Þ; Gði3Þ ¼ 2=3
Z i3
t1ðsÞds: ð17Þ4. Pure dilatation and volumetric tests
The available experimental data on the dilatation of hard rub-
bers will now be examined with a view to determining the consti-
tutive function G(i3) in the strain-energy function (3). The data we
will discuss are those pertinent to elastic behavior. For a discussion
of viscoelastic effects, see e.g., Haupt and Sedlan (2001) and the
references cited there. The dilatation or hydrostatic compression
test involves the hydrostatic compression of a rubber sample and
therefore is a difﬁcult experiment to perform. Nevertheless elegant
hydrostatic compression experiments have been performed by,
amongst others, Penn (1970), Christensen and Hoeve (1970), Cope-
land (1948) andWood and Martin (1964). The experimental proce-
dure is essentially the same in all cases and a description is given,
for example, in Wood and Martin (1964). The experimental data of
Wood and Martin (1964) are very clearly presented. Experiments
were performed on an unvulcanized rubber and a peroxide-cured
vulcanizate at a number of different temperatures. A graphical rep-
resentation of the data obtained for the vulcanized rubber at 10 C
is given in Fig. 1 of Horgan and Murphy (2009a). It was observed
there that for volume changes close to unity, the pressure versus
volume change relation was approximately linear and indeed such
is the case for all of the reported data of Wood and Martin (1964).
Indeed Penn (1970) has summarized both his own and the results
of others by stating that ‘the best compressibility data show that in
pure dilatation the volume change is proportional to pressure
within a few percent up to pressures of hundreds of atmospheres’.
We will be content to limit the range of applied pressures to that1
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Fig. 1. The kinematic experimental datareported by Wood and Martin and therefore will limit our model
to stresses less than 50 MPa or, equivalently, for values of J  i3
in the range 0.98 6 J 6 1. Assume then that the pressure-volume
change relation is linear, i.e., it will be assumed that for pure
dilatation,
t1 ¼ aði3  1Þ; a constant; ð18Þ
where
0:98 6 i3 6 1: ð19Þ
To ensure compatibility with the linear theory, it follows that a = j,
the inﬁnitesimal bulk modulus. For the rubber considered in Hor-
gan and Murphy (2009a), it was found that j  2.5GPa, a typical
value for solid rubbers. It follows from (13), (14) and (18) that
Fði3Þ ¼ 3jði3  1Þ; Gði3Þ ¼ j=2ði3  1Þ2: ð20Þ
The corresponding strain-energy function (3) therefore has the
form
W ¼ wðI1; I2Þ þ j2 ði3  1Þ
2
; ð21Þ
which was previously derived in Horgan and Murphy (2009a).
Extrapolating from the behavior of many rubbers in hydrostatic
compression, it will be assumed henceforth that (21) holds for all
rubbers. This choice for the volumetric term is, of course, not
new. See, for example, the discussions in Peng and Landel (1975),
Boyce and Arruda (2000), Doll and Schweizerhof (2000), Bischoff
et al. (2001) and Hartmann and Neff (2003). This form for G is often
motivated by well-founded mathematical arguments. Here the
function G is derived from experimental data on pure dilatation.
Experimental motivation is also given by Boyce and Arruda
(2000); see Fig. 12 there. Here we assume only that this quadratic
form for G is to be valid for the range of experimental data given
in the compression test considered above, i.e., (19). As we shall
now show, other experimental data suggest that this range can be
extended.
The classical volumetric test involves the compression in the
axial direction of lubricated cylindrical specimens within a rigid
annulus and can be considered as an approximation to the pure
dilatation tests (see, for example, Ogden, 1972). The vast majority
of the volumetric test data that exist is for moderate and extreme
pressures. One of the celebrated investigations of the compressibil-
ity of rubbers was undertaken by Bridgman (1944), who tabulated
experimental data from volumetric tests for 12 synthetic and two
natural rubbers up to a pressure of 25,000 kg cm2 (2.5 GPa),
with the ﬁrst volume change measurement being made at
2000 kg cm2(200 MPa). Because of the large pressures involved,
these experiments have little relevance to the compressibility of1.6 1.8 2 2.2
al stretch
of Penn (1970) for simple tension.
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therefore will not be considered further here. The other classical
set of data referenced in the literature when discussing the volu-
metric testing of rubbers is that of Adams and Gibson (1930). Vol-
umetric testing was done on three rubbers: Rubber A is a hard
rubber, Rubber B contains 10% sulfur and Rubber C contains 4% sul-
fur. Specimens were compressed up to 1 GPa in steps of 100 MPa.
Such large pressures again suggest that this data is of limited value
when considering the effects of slight compressibility of rubbers.
The only set of data found by the authors for volumetric exper-
iments incorporating pressures relevant to the model (21) are the
experiments of Bradley et al. (2001) who obtained data from the
volumetric testing of a carbon black-reinforced rubber used in
elastomeric bearings. A digitized version of this data is given in
Horgan and Murphy (2009a) and plotted in Fig. 2 there. As was
the case for the pure dilatation experiments, there is an approxi-
mately linear relationship between pressure and volume change
and this linearity holds for i3 values as low as 0.95. Motivated by
this data, we will therefore assume that (21) holds for the range
0:95 6 i3 6 1: ð22Þ
Experimental data from other material characterization tests
where i3P 1 will be considered in Sections 6 and 7. In the next
Section, we brieﬂy summarize results established in Horgan and
Murphy (2007a, 2009a) on the deviatoric component w of the
strain-energy function (3).
5. The deviatoric component of the strain-energy
It was shown in Horgan and Murphy (2009a) (see also Horgan
and Murphy, 2007a) that the deviatoric component w of the
strain-energy (3) can be identiﬁed with the strain-energy function
modeling rubber as a perfectly incompressible material in the basic
material characterization test of simple tension, provided that the
volume change is inﬁnitesimal. The same result can be shown to
hold also for biaxial tension and pure shear. Thus, one of the
appealing aspects of the classical model (3) is the identiﬁcation
of w with an incompressible strain-energy function. This has the
signiﬁcant advantage of efﬁciency, since if a good ﬁt is obtained be-
tween the incompressible model and experimental data for the
stress-strain curve, then this excellent ﬁt is preserved for the stan-
dard model for slightly compressible materials.0
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Fig. 2. Derived simple tension-volume change data.It is important to emphasize the assumptions underlying this
identiﬁcation of w with the incompressible strain-energy function:
the associated volume change is inﬁnitesimal and the volumetric
function G(i3) can be expanded as a Taylor series for this range of
volume change. It will be shown shortly that experimental data
suggest that the latter assumption is not always valid, especially
for large deformations.
6. Experimental data for simple tension
With the exception of the compression data discussed earlier,
there is a dearth of experimental data describing the volume
change experienced by rubbers in even the simplest material char-
acterization tests. One exceptional data set is the benchmark data
of Penn (1970) who measured the volume change associated with
the simple tension of samples of solid rubbers. In a series of elegant
experiments on peroxide vulcanizates of natural gum rubber using
a dilatometer technique, Penn (1970) measured the volume change
for a number of rubber-like materials in simple tension. His data is
summarized and tabulated in Fong and Penn (1975) and this data
was converted to data for i3 in Horgan and Murphy (2009a). An-
other set of simple tension data that is available is that of Christen-
sen and Hoeve (1970). On adopting an experimental set-up very
similar to that used by Penn, they obtained volume change data
for the same range of axial stretches as Penn’s. Their results have
the same qualitative features as those of Penn (1970). Penn’s data
is of great importance in modeling the volume change associated
with the deformation of solid rubbers because the careful collec-
tion of the data gives an indication of the order of the volume
change experienced in applications where i3P 1. Additionally,
his data suggest that a linear relation between the variables is an
excellent approximation for the given data as can be seen from
Fig. 1, where J  i3 = k1k2k3. The linear approximation used in
Fig. 1 has the form
i3  1 ¼ 0:000251ðk1  1Þ: ð23Þ
Penn’s data and that of Christensen andHoeve (1970) suggest that an
approximately linear relationship exists between the inﬁnitesimal
volume change per unit undeformed volume, denoted by J in Fig. 1
and the axial stretch in simple tension for stretches of the order of
100%. For much larger extensions, Holt and McPherson (1936) have
shown that the volume decreases after about 400% stretch due to
crystallization. This effect will not be considered here.
Stress–stretch data were also measured by Penn (1970) for the
same samples that were used for the volume change versus exten-
sion experiments discussed above. Unfortunately these data were
not tabulated and the graphical presentation of these data in Penn
(1970) is not clear. A better graphical representation of Penn’s data
in given in Fong and Penn (1975). These stress–stretch data were
digitized and are given in Table 1. The corresponding i3 values
for these values of stress can now be estimated from (23) and
are given in Table 2. These data are plotted in Fig. 2, from which
it is immediately obvious that a linear approximation is again
appropriate.Table 1
Penn’s stress data (from Fong and Penn, 1975).
Axial stretch Cauchy stress (MPa) Axial stretch Cauchy stress (MPa)
1 0 1.56 0.82
1.03 0.05 1.77 1.16
1.10 0.15 1.79 1.18
1.22 0.33 2.02 1.57
1.38 0.54 2.05 1.60
1.55 0.80
Table 2
Stress/volume change data.
i3 Cauchy stress (MPa) i3 Cauchy stress (MPa)
1 0 1.000146 0.82
1.000010 0.05 1.000193 1.16
1.000031 0.15 1.000198 1.18
1.000064 0.33 1.000250 1.57
1.000104 0.54 1.000257 1.60
1.000143 0.80
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As we have seen in Section 3, this linear form is also predicted from
the compression test data. Note that (24) yields a bulk modulus va-
lue j  2002 MPa, which is also in good agreement with the values
obtained from the compression test data.
The assumptions listed in Section 5 are valid here and so w can
be identiﬁed with the corresponding incompressible strain-energy
function. The neo-Hookean model for incompressible materials
W ¼ ðl=2ÞðI1  3Þ yields an excellent ﬁt with Penn’s stress–stretch
data given in Table 1. This can be seen in Fig. 3, where regression
analysis yields l = 0.442 MPa.
Thus, we conclude that the almost incompressible neo-Hookean
model of the form
W ¼ ðl=2ÞðI1  3Þ þ j=2ði3  1Þ2; l ¼ 0:442 MPa;
j ¼ 2002 MPa ð25Þ
is an excellent model for both the kinematic and stress/stretch sim-
ple tension data of Penn (1970) up to stretches of order 100%. A sim-
ilar model for the same data was recently given by Horgan and
Murphy (2009a). In particular we note that the volumetric part of
the strain-energy function G(i3) has the well-known form
Gði3Þ ¼ j=2ði3  1Þ2; ð26Þ
which is the same form as that derived from compression tests.
In the foregoing, we have conﬁned attention to the comprehen-
sive data of Penn (1970) that provides direct measurement of the
volume change associated with the deformation of solid rubbers
in simple tension as well as the stress–stretch data. We refer to
Hartmann et al. (2003) for optical measurements for simple ten-
sion of carbon-black –ﬁlled rubber and to Gurvich and Fleischmann0
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Fig. 3. Fit of neo-Hookean incompressible model with stress–stretch data of Penn
(1970).(2003) for a hybrid experimental-numerical approach. One of the
limitations of Penn’s data set is that only moderate deformations
are considered and so the linearity observed is likely to be an
approximation to some non-linearity over a larger range of
deformation. To explore this possibility an indirect approach will
be described in the next section.
7. The Rivlin–Saunders simple tension experiment
Rivlin and Saunders (1951) conducted a number of material
characterization tests on some solid rubbers, assuming perfect
incompressibility. The recipe for one such rubber, Compound A,
is given in Rivlin and Saunders (1951). Beatty and Stalnaker
(1986) remade the original Compound A and investigated the asso-
ciated slight compressibility effect by measuring both axial and
transverse stretches in simple tension. On denoting the axial stretch
by k1 and the transverse stretch by k2, they demonstrated that the
power-law relation
k2 ¼ km1 ; ð27Þ
where m is the inﬁnitesimal Poisson’s ratio, is an excellent ﬁt for the
experimental data up to axial stretches of approximately ﬁve. If the
relation (27) is assumed to hold, then an indirect measurement of
volume change in simple tension can now be made since
i3 ¼ k12m1 ¼ k2e1 ð28Þ
on writing m = 1/2  e, where e is a small dimensionless positive
parameter. Therefore if Cauchy stress–axial stretch experimental
data exist for a simple tension experiment, then the corresponding
volume change at each stretch can be calculated on using (28) thus
yielding the desired stress-volume change relation. There is a major
difﬁculty in doing this in practice. In the careful experiments of
Penn (1970), the volume change in simple tension is inﬁnitesimal
with values of i3 of the order of only 1.0003 being achieved. To
obtain accurate measurements of i3 therefore from (28) both the
axial and transverse stretch values need to be measured to at least
four decimal places. This level of accuracy has not been reported in
the literature, to the best of our knowledge. In the absence of suit-
ably accurate stretch data therefore, all that can be done is to use
(28) to obtain a qualitative stress-volume change relation. This is
the context within which our analysis is undertaken here. Nonethe-
less we believe that such analysis is important as the derived
relations between stress and volume change are among the few ob-
tained based on experimental data in simple tension. An alternative
approach is that of Gurvich and Fleischmann (2003) who present a
hybrid experimental–numerical technique to obtaining compress-
ibility data from compression and tension of axially loaded disks.
Stress–stretch data for one of the rubbers studied by Beatty and
Stalnaker (1986) and Rivlin and Saunders (1951) will now be con-
sidered. The experimental force/axial stretch data for Compound A
is tabulated in Rivlin and Saunders (1951). These data were con-
verted to nominal stress/stretch data and are given in Table 3.
Beatty and Stalnaker (1986) observed that (27) with m = 0.499
ﬁtted their data for Compound A extremely well. On assuming then
that i3 ¼ k0:0021 (see (28)), we obtain Table 4, where the original
nominal stress data of Rivlin and Saunders (1951) has been con-
verted into the corresponding Cauchy stress to enable a compari-
son to be made with (15).
Note that the volume change data derived here are of the same
order as the data observed by Penn (1970), which suggests that
qualitatively we have obtained a typical stress-volume change
relation. Further note that even for axial stretches of the order of four
considered here, the volume change remains inﬁnitesimal, even
though there is an order of magnitude change in volume change for
large stretches when compared to moderate stretches. These data
are plotted in Fig. 4.
Table 3
Simple tension data of Rivlin and Saunders (1951).
Nominal stress (MPa) Axial stretch Nominal stress (MPa) Axial stretch
0 1 0.724 2.121
0.083 1.056 0.795 2.305
0.154 1.119 0.867 2.506
0.225 1.192 0.938 2.686
0.296 1.270 1.009 2.874
0.368 1.364 1.080 3.056
0.439 1.478 1.152 3.225
0.510 1.613 1.223 3.383
0.582 1.769 1.294 3.525
0.653 1.939 1.366 3.680
Table 4
Derived Cauchy stress-volume change data for Compound A.
i3 Cauchy stress (MPa) fi3 Cauchy stress (MPa)
1 0 1.001505 1.53560
1.00011 0.08765 1.001672 1.83248
1.00022 0.17233 1.001839 2.17270
1.00035 0.26820 1.001978 2.51947
1.00048 0.37592 1.002114 2.89987
1.00062 0.50195 1.002237 3.30048
1.00078 0.64884 1.002345 3.71520
1.00096 0.82263 1.002440 4.13741
1.00114 1.02956 1.002523 4.56135
1.00133 1.26617 1.002609 5.02688
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The ﬁrst is that, in agreement with the data of Penn (1970), there
is an approximately linear regime about the reference conﬁgura-
tion. This linear zone appears to extend for J (i3) values up to
approximately 1.001. We recall from Section 6 that the linear zone
for Penn’s data was only valid up to approximately i3 = 1.0003. The
other noteworthy aspect is the steeply increasing slope of the curve
with increasing J values. This suggests that a polynomial relation
between the stress and volume change, which is the usual assump-
tion in Finite Element codes, might not be the most appropriate
choice. Two other types of relation are usually employed in this sit-
uation: a power-law approximation or a rational function approxi-
mation. The second will be used here as it is more ﬂexible and
versatile so that increasing orders of complexity can be employed
to obtain the best ﬁt. The power-law approximation is more hit-
and-miss in that only two constants can be chosen to ﬁt the data.
The simplest rational function F(i3) to choose in (15) which is
zero when i3 = 1 has the form0
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Fig. 4. Approximate stress-volume cFði3Þ ¼ aði3  1Þ=ð1þ bði3  1Þ þ cði3  1Þ2Þ; ð29Þ
where the parameter a is an elastic modulus and b, c are dimen-
sionless parameters. Fitting this approximation to the experimen-
tal data of Table 4 yields the values a = 683 MPa, b = 191 and
c = 21,770, where these values are understood to be indicative
only of the values that would be obtained if the appropriate di-
rect stress/volume change data were available. A plot of the ﬁt
of (29) with the derived experimental data of Table 4 is shown
in Fig. 5.
For such rational function approximations of the volumetric
function, it follows from (9)2 and (16) that
j ¼ a=3: ð30Þ
For the ﬁtted curve here, we therefore have j  228 MPa, which is
almost ten times smaller than the value obtained from Penn’s data.
Of course, the rubber samples considered by Rivlin and Saunders
(1951) and by Penn (1970) are different. (Clearly the precise char-
acterization of the volumetric behavior of compressible rubber de-
pends on the particular type of rubber being considered).
Furthermore, the values obtained here for the curve ﬁt constants
are only indicative of the values that would be obtained if stress/
stretch data to the desired level of accuracy were available. An-
other possibility is that Compound A behaves differently in tension
and compression with a bulk modulus of the order of 2.5 GPa in
compression, as is observed for many different types of rubber,
and a bulk modulus of the order 0.25 GPa in tension. Different
behavior in tension and compression is common for polymers as
noted by Parsons et al. (2005).
On the basis of the available evidence therefore, we propose the
following volumetric function when i3 > 1:
Gði3Þ ¼
Z
jði3  1Þ
1þ bði3  1Þ þ cði3  1Þ2
di3: ð31Þ
On using standard integral tables, the integral in (31) can be eval-
uated for arbitrary values of the dimensionless parameters b and c.
On assuming c < 0 and on using (4)2, we obtain
2cGðxþ 1Þ=j ¼ lnð1þ bxþ cx2Þ  bﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2  4c
p
 ln
bþ 2cx
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2  4c
p 
bþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2  4c
p 
bþ 2cxþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2  4c
p 
b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2  4c
p 
2
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Fig. 6. Fit of Mooney–Rivlin model to the data of Rivlin and Saunders (1951).
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Fig. 5. Fit of rational function approximation to the data of Table 4.
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plicated. However, we recall from (5) and (6) that the stress re-
sponse does not involve G(i3) but rather its derivative which, as
seen from (31), is a simple rational function. On analysis of the qua-
dratic form in the denominator in (31), it is easily shown that G
0
(i3)
is positive and ﬁnite provided
i3 < 1þb
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2  4c
p
2c
: ð33Þ
Thus the strain-energy density (32) is deﬁned only for values of
i3 > 1 satisfying the constraint (33). For the particular values of
the material parameters b and c found for Compound A, (33) reads
i3 < 1:003686: ð34Þ
This corresponds to the value of J in Fig. 5 where the curve has
a vertical asymptote and the stress has a singularity as J ap-
proaches this value. Thus the model (31) reﬂects the ‘‘limited com-
pressibility” inherent in slightly compressible materials under
tension. This behavior is reminiscent of the strain-energies involv-
ing logarithmic functions of I1 that have been extensively used to
model ‘‘limiting chain extensibility” reﬂecting severe strain-stiff-
ening for incompressible materials. Introduced by Gent (1996) on
an ad hoc basis, they have proved extremely useful in the modeling
of such behavior. See, e.g., Horgan and Saccomandi (2006) for a re-
cent review. See also Horgan and Saccomandi (2004) for a discus-
sion of a generalization of the classical Gent model to slightly
compressible materials. Here we have demonstrated that logarith-
mic functions of i3 can be derived from an analysis of the experi-
mental data in tension for the slightly compressible Compound A.
Several other logarithmic functions of i3 that have been proposed
for the volumetric term for compressible materials are described
in Doll and Schweizerhof (2000), Bischoff et al. (2001) and Hart-
mann and Neff (2003) where references to the pertinent literature
sources may be found. Finally here we note that
G00ði3Þ ¼ j½1 2cði3  1Þ
2
½1þ bði3  1Þ þ cði3  1Þ22
> 0 ð35Þ
since we have assumed that c < 0. Thus G is convex as is desirable
(see, e.g., Doll and Schweizerhof, 2000 and Hartmann and Neff,
2003 for discussions).
It remains to model the stress–stretch data of Table 3. Assuming
perfect incompressibility for this data set, a Mooney–Rivlin modelof the form W ¼ c1ðI1  3Þ þ c2ðI2  3Þ where 2 (c1 + c2) = l, with
c1 = 0.356 MPa and c2 = 0.055 MPa ﬁts the data extremely well as
can be seen from Fig. 6. Of course, other similar forms such as
the cubic form proposed by Yeoh (1990) or the form suggested
by Hartmann et al. (2003) could also be used.
Thus it follows that the slightly compressible strain-energy
function
W ¼ c1ðI1  3Þ þ c2ðI2  3Þ
þ
Z
jði3  1Þ
1þ bði3  1Þ þ cði3  1Þ2
di3; 2ðc1 þ c2Þ ¼ l ð36Þ
with the values of the constants given previously, is an excellent
model for both the stress–stretch data of Rivlin and Saunders
(1951) and the observations of Beatty and Stalnaker (1986).8. Concluding remarks
Finite element simulations of rubbers are usually based on
strain-energy functions of the form (3). As is summarized in sev-
eral papers, e.g., Doll and Schweizerhof (2000), Boyce and Arruda
(2000), Bischoff et al. (2001) and Hartmann and Neff (2003), the
choice of the volumetric part of such strain-energy functions is of-
ten based on intuition and mathematical simplicity of form. Exper-
imental data is also considered by Boyce and Arruda (2000) and
Bischoff et al. (2001). The main purpose of the present paper is
to base this choice on experimental data for slightly compressible
solid rubbers. There is signiﬁcant experimental evidence to support
the well-known quadratic form
Gði3Þ ¼ j=2ði3  1Þ2; j the bulk modulus; ð37Þ
when i3 6 1. There is also some experimental evidence for this
choice for moderate deformations for which approximately 1 6
i3 6 1.0003. For larger deformations in the range i3 > 1.0003, there
is some indirect experimental support for strain-energy functions
of the form
Gði3Þ ¼
Z jði3  1Þ
1þ bði3  1Þ þ cði3  1Þ2
di3; ð38Þ
which reduces to (37) for inﬁnitesimal values of i3  1.
We are therefore proposing that
Gði3Þ ¼
j
2 ði3  1Þ2; i3 6 1R jði31Þ
1þbði31Þþcði31Þ2
di3; i3 > 1
8<
: ð39Þ
C.O. Horgan, J.G. Murphy / International Journal of Solids and Structures 46 (2009) 3078–3085 3085and thus, in essence, proposing that the volumetric function
behaves differently in tension, deﬁned here by i3 > 1, and compres-
sion, where i3 6 1. We are assuming that the bulk modulus is the
same for both modes of deformation, which is consistent with some
experimental data. In general, different bulk moduli could be
assumed for the two modes but care then has to taken to account
for possible stress discontinuities in the material. This issue how-
ever will not be considered here.
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